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Abstract. - We analyse the mechanisms ruling galactic disc heating through the dynamics of
space velocities U , V and W , extracted from the Geneva-Copenhagen catalogue. To do this,
we use a model based on non-extensive statistical mechanics, where we derive the probability
distribution functions that quantify the non-Gaussian effects. Furthermore, we find that the
deviation q − 1 at a given stellar age follows non-random behaviour. As a result, the q-index
behaviour indicates that the vertical component W , perpendicular to the Galactic plane, does not
“heat up” at random, which is in disagreement with previous works that attributed the evolution
of W to randomness. Finally, our results bring a new perspective to this matter and open the way
for studying Galactic kinematic components through the eyes of more robust statistical models
that consider non-Gaussian effects.
Introduction. – The components of Galactic space
velocity in the Galactic disc are usually specified by the
letters U , V , and W (in km/s), where U denotes the radial
component towards the Galactic centre, V represents the
tangential component in the direction of Galactic rotation
and W designates the vertical component that is perpen-
dicular to the Galactic plane towards the North Galactic
Pole (NGP; see Ref [1] for further details).
The observed space velocity distributions of these com-
ponents are fundamental to deducing how the disc has
evolved chemically and dynamically [2–5]. To this end, it
is necessary to have a catalogue that provides an unprece-
dented sample to investigate this important and current
issue of galactic dynamics [6, 7]. In this context, F and
G dwarfs extracted from the Geneva-Copenhagen Survey
(GCS) allow more accurate determinations of the space
distribution of disc stars in the corresponding age interval.
In particular, a deeper investigation of kinematic heating
of discs in their space velocities must take into account the
stellar age, which is a crucial element for understanding
in terms of the evolution of the disc itself [8, 9].
According to Nordstrm et al. [8], at least four mecha-
nisms have been proposed to explain the heating of the
Galactic disc: i) fast perturbers from the halo, such as
massive black holes; ii) slow perturbers in the disc, such
as giant molecular clouds; iii) large scale perturbations of
the disc caused by spiral arms [10]; and iv) heating caused
by in-falling satellite galaxies. Among these options, De
Simone et al. ’s proposal is more attractive and plausible,
as highlighted by Nordstrn et al. [8]. As mentioned by De
Simone et al. [10], the effects of stochastic, transient spi-
ral wave structures can produce exponents in the observed
range.
On the other hand, Holmberg et al. [11, 12] illustrated
significant structures in the U and V velocity distributions
that persist over a wide range of ages up to at least the
Solar age (see also [13,14]), indicating a behaviour similar
to non-random processes. In contrast, these authors cited
that the W velocities show no deviation from a random
distribution in any age range, suggesting that different
heating mechanisms are acting in the plane of the disc
and perpendicular to it [15–18].
In the present study, we explore the behaviour of the
space velocity distribution in the solar neighbourhood,
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based on non-extensive statistical mechanics. Our inves-
tigation is based on the hypothesis of non-random pro-
cesses associated with heating the Galactic disc [10]. We
find that the non-random process can be explained by the
profile of q-index as a function of stellar age [19,20].
According to Nordstrm et al. [8] and Holmberg et al.
[11, 12], the behaviour of velocity W is associated with
random (pure) heating. On the other hand, the mecha-
nisms that act on the U − V plane cause a non-random
diffusion. These authors suggest that the U and V compo-
nents of velocity do not follow a purely Gaussian profile,
therefore only the W component would have the behaviour
described by a Gaussian distribution. Recently, de Freitas
and de Medeiros [19], using the GCS catalogue, showed
that the best fit for the radial velocity distribution segre-
gated by the age of F- and G-type field stars is driven by
a q-Gaussian distribution.
A detailed description of non-extensive frameworks and
their properties are shown in Section 2. In Section 3, we
describe the sample and how we selected stars and phys-
ical stellar parameters for the present analyses. Section
4 brings the main results and discussions of the present
analysis. Finally, concluding remarks are presented in the
last section.
Nonextensive formalism. – The prototype of
entropy that we are considering is Boltzmann-Gibbs-
Shannon (BGS) entropy. To mention only the most famil-
iar statistics, this entropy has been generalised by other
entropy-like indexes, which emerge from approaches such
as Kolmogorov-Sinai entropy (dynamical systems) [21],
Rnyi entropy (information theory) [22], Kaniadakis en-
tropy (relativistic kinetic theory) [23] and Tsallis entropy
(statistical physics) [24]. Roughly speaking, the essence
of these new entropic forms is to recover BGS entropy
from Khinchin-Shannon axioms (for futher details see Ref.
[25]). In particular, physical systems with long range in-
teractions defy the fourth axiom, also called the additivity
axiom, i.e., S(A+ B) = S(A) + S(B). To do this, a non-
additive entropy uses an interation term between the sub-
systems A and B. In this context, the non-additivity poses
the question of what mathematical properties have the
“generalised entropies” satisfying this axiom. Our choice
of the Tsallis entropy form is justified by its unique proper-
ties under those axioms, in particular the additivity axiom.
As an example, gravitational interaction is an interesting
case of long range interactions [26].
de Freitas and de Medeiros [19], using the same dataset
as the present paper, showed that the high values of q
extracted from radial velocity distributions reveal the ef-
fects of long-range interactions consistent with the non-
extensive central limit theorem (q-CLT). Because kine-
matics and physical properties of the space velocities
of stars are defined by gravitational interaction, we
choose the most appropriate non-additive entropic form
with a wide range of tested systems. As an example,
Kolmogorov-Sinai, Kaniadakis and Rnyi entropy are ad-
ditive and, therefore, are at a disadvantage compared to
Tsallis entropy, at least for the present case.
In this context, Tsallis’ q-entropy, Sq, [27–29] considers
that a system composed by two correlated sub-systems, A
and B, has entropy defined by:
S(A+B)q = S
(A)
q + S
(B)
q +
(1− q)
k
S(A)q S
(B)
q , (1)
where q is the entropic index that characterises generali-
sation and k is Boltzmann’s constant. When q → 1, the
extensive entropy is recovered. The values of q-entropic in-
dexes are derived from probability distribution functions
(PDF) named by q-Gaussians, pq(x). These functions are
obtained from the variational problem using the continu-
ous version for the non-extensive entropy given by Eq. (1)
and, therefore, defined by:
pq(x) = Aq[1 + (1− q)Bqx2]1/(1−q), (2)
where x denotes the velocities U , V and W . For the pa-
rameter Aq, there are two conditions:
(i) q < 1,
Aq =
Γ
[
5−3q
2−2q
]
Γ
[
2−q
1−q
] √1− q
pi
Bq (3)
and (ii) q > 1,
Aq =
Γ
[
1
q−1
]
Γ
[
3−q
2q−2
]√q − 1
pi
Bq. (4)
The value of Bq is a function of variance σq and is given
by:
Bq = [(3− q)σ−2q ]−1. (5)
For further details, see Ref. [20, 27, 28]. In the present
work, the behaviour of parameter Bq as a function of stel-
lar age was not relevant and we discarded it from the re-
sults.
Working sample. – Obtaining the heliocentric space
velocities needed to exploit the present scientific case re-
quires astrometric data that can be extracted from differ-
ent missions. Among them, GAIA and Hipparcos space
missions are relevant, but they do not have a sufficient
range of stellar parameters, such as projected rotational
velocity v sin i, age and spectral type, among others, which
are indispensable for a more accurate evaluation of the re-
sults (see also [30,31]). Undoubtedly, GAIA is far superior
to the Hipparcos mission. The ESA pioneer mission GAIA
launched in 2013 provides an unprecedented quantitative
leap in the study of stellar kinematics, providing more
than 1 billions targets. However, the GAIA multi-epoch
photometric data present much larger radial-velocity er-
rors. For bright stars, GAIA offers an accuracy of 1–2 km
p-2
Non-extensive processes associated with heating of the Galactic disc
Fig. 1: Semi-log plot of the PDF (dots) and q-Gaussian (blue curves) distribution of space velocities, U , V and W , for G-type
stars segregated by age from 1 to 10 Gyr (from bottom to top, respectively). The distribution functions are shifted up by a
factor of 10 each, for the sake of clarity. As an example, the Sun is classified as a G-type star.
Table 1: Best values of bootstrap q-median and their errors
using the bootstrapped 95% confidence interval (ci) of distri-
butions of the space velocities U , V and W for F-type stars.
Age F- type stars
(Gyr) qU ciU qV ciV qW ciW
0 − 1 0.69 0.06 1.33 0.33 1.03 0.04
1 − 2 1.02 0.08 1.07 0.07 1.10 0.10
2 − 3 1.12 0.07 1.08 0.08 1.17 0.05
3 − 4 1.27 0.11 1.12 0.12 1.06 0.09
4 − 5 0.99 0.05 1.20 0.20 1.31 0.05
5 − 6 1.02 0.05 1.18 0.18 0.88 0.08
6 − 7 1.24 0.19 1.60 0.60 0.75 0.09
7 − 8 1.69 0.11 1.47 0.47 0.88 0.02
8 − 9 0.78 0.10 0.73 -0.27 0.95 0.10
9 − 10 - - - - - -
s−1 in radial velocity, whereas for faint stars, which will be
mostly distant stars and of interest as tracers of Galactic
dynamics, an accuracy of 5–10 km s−1 is obtained, there-
fore affecting the U component of space velocity [8, 31].
Among the catalogs published in the literature, the GCS
supports these requirements. The GCS data are still use-
Table 2: Idem Table 1 for G-type stars.
Age G- type stars
(Gyr) qU ciU qV ciV qW ciW
0 − 1 1.23 0.05 1.40 0.15 1.26 0.05
1 − 2 0.99 0.08 1.77 0.18 1.27 0.06
2 − 3 0.99 0.08 1.56 0.20 1.68 0.07
3 − 4 0.84 0.10 1.70 0.17 1.40 0.11
4 − 5 1.10 0.07 1.46 0.14 1.29 0.07
5 − 6 1.00 0.07 1.49 0.16 1.46 0.08
6 − 7 1.01 0.12 1.82 0.19 1.50 0.08
7 − 8 1.06 0.04 1.87 0.13 1.40 0.08
8 − 9 0.94 0.08 1.40 0.10 1.12 0.05
9 − 10 1.07 0.13 1.46 0.17 1.46 0.08
ful even in the face of GAIA data, not only for studying
our Galaxy, but also for accurate radial velocity for all tar-
gets to a mean propagated error in the space velocity less
than 0.7 km s−1, as well as a range of stellar parameters
useful for analysing results.
The sample used in this work is composed of F- and G-
type field dwarf stars located in the solar neighbourhood,
complete in magnitude and volume of ∼ 40 pc, taken from
p-3
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Fig. 2: Gaussian deviation (q − 1) of the distribution of the U , V and W components of F-type stars. The error bars are
bootstrapped 95% confidence intervals. The dashed-dot line indicates the gaussianity.
the GCS catalogue, which was published by Nordstrm
et al. [8] and later revised by Holmberg et al. [11], [12]
and Casagrande et al. [15]. The catalogue contains data
on the age, metallicity, mass, projected rotation velocity
(v sin i) and kinematic properties for about 14000 stars
in the solar neighbourhood. The space velocity triplets
(U, V,W ) in the GCS catalogue were calculated using the
data of distance, proper movement and the average radial
velocity; these observed parameters were obtained through
CORAVEL and CfA instruments [8]. To guarantee bet-
ter precision in the results, Holmberg et al. [12] surveyed
stars that had errors in age below 25% (∼ 2600 stars). In
this context, our study is based on well-defined age and
mass (spectral type), which are fundamental criteria to
investigate a possible relationship between the U , V and
W components and the entropic index q. In addition, we
also take into account any possible contamination by bi-
nary systems or giants. A more detailed description of the
criteria that define the sample is shown below.
Most of the previous studies on this subject used ages es-
timated from chromospheric activity. However, this proce-
dure is not valid for stars of the Sun’s age because chromo-
spheric emission essentially vanishes at this stage. Thus,
theoretical isochrone ages are the best choice, although
some important discrepancies persist, particularly for old
low-mass stars. The ages given in the GCS were then cal-
culated based on the stellar isochrone procedure [8], using
the Bayesian computational technique of Jorgensen and
Lindegren [32]. Holmberg et al. [11] conducted a review
of the data considering new temperature and metallicity
calibrations. According to Nordstrm et al. [8] and [11],
errors in age estimations are below 50% for 81% of the
presumably single stars in the original GCS sample.
Accurate mass measurements are crucial when inves-
tigating the evolutionary history of stars in the sample.
Nordstrm et al. [8] estimated stellar masses via theoreti-
cal isochrone analysis, using an M-function to describe the
probability distribution of model masses from the Padova
model for an observed star [33], with individual errors av-
eraging about 0.05 M. The entire sample consists of stars
whose masses range from 0.65 to 2.43 M.
In the GCS catalogue, stars with photometric distances
that deviate more than the 3σ from the Hipparcos dis-
tances are flagged as suspected binaries or giants. Ac-
cording to Sharma et al. [34], we can use the following
selection function to mimic the selective avoidance of gi-
p-4
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Fig. 3: Idem Figure 2 for G-type stars.
ants: MV < 10(b − y) − 3, where MV is the absolute
magnitude and b − y denotes a colour in the Stromgren
uvbyβ system.
Based on the criteria and cuts mentioned above, we ob-
tained a final working sample of 6704 single stars. Our fi-
nal sample is composed of 3880 F- and 2824 G-type stars,
with ages limited to 10 Gyr (the upper limit for ages was
defined by the stars lifetime on the main-sequence and the
age of the Galactic disc) and masses defined in the range
of 0.65 < M/M < 2.5.
Results and discussion. – The result of q-index as
a function of stellar age intervals is presented in Tables
1 and 2. These values were derived from PDFs of space
velocities. Fig. 1 is shown here to illustrate the fit of
q-Gaussians to PDFs.
The q-indexes and their 95% confidence intervals in each
age bin were estimated using bootstrap resampling. Gen-
erally speaking, the bootstrap resampling method consists
of generating a large number of data sets, each with an
equal amount of data randomly drawn from the original
dataset and an estimator, which can be the mean or the
median [35–38]. We choose the median because it is the
measure less affected by possible outliers. The present
study applied a similar procedure to that used by Silva,
Soares & de Freitas [39], described as follows. First, we
performed a set of 1000 bootstrap replications of the me-
dian q-index in the age bin extracted from the median
value of the distribution of these bootstrapped samples,
using the q-Gaussian with symmetric Tsallis distribution
from Eq. (2). Then, we ranked the bootstrapped medians
from the lowest to the highest value and took the 25th
and the 975th medians in the rank as the lower and upper
limits of the confidence interval, respectively. The values
of median q-indexes and their confidence intervals in each
age bin and space velocity component are shown in Tables
1 and 2.
To measure the random effects on the distribution of
space velocities U , V and W , we use the deviation of
gaussianity, which is measured by the difference between
the entropic index q and its value that recovers the BGS
statistical mechanics (i.e., q = 1). This parameter is de-
fined as q − 1 and will be used as a measure of the degree
of non-randomness in the process of heating the Galactic
disc. Based on the works of Nordstrm et al. [8] and Holm-
berg et al. [11,12], q−1 should be close to 0 (zero) for the
W component, regardless of age. Nevertheless, Figures
2 and 3 are in contrast with the conclusions of previous
p-5
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authors. These figures show the distributions of q − 1 as
a function of stellar age for the F- and G-type stars, re-
spectively. These distributions suggest that the velocities
(U, V,W ) are influenced by non-random processes, given
that the values of q − 1 differ from zero.
In Figure 2, the values for components U , V and W for
F-type stars have a more pronounced deviation for older
ages than the solar one (∼4.55 Gyr). For G-type stars
(see Fig. 3), there is a strong indication that suggests
that randomness does not govern any of the components of
space velocity in any age range, except for the component
U . Briefly speaking, this reveals that more massive stars,
such as F-type stars, preserve randomness more efficiently
than G-type stars. A quick search in the literature shows
that a deviation of q−1 of the order of 0.2 is large enough
to infer a deviation from gaussianity [19,27,28]. Figures 2
and 3 clearly show that the mean value of q − 1 is of the
order of 0.3.
In addition, this result shows that in both spectral
types, the distributions of the W component are out of
the standard “thermal equilibrium”, contrasting with the
results mentioned by Nordstrm et al. [8] and Holmberg et
al. [11], [12]. When analysing Figures 2 and 3, it is possi-
ble to deduce that all the components of the space velocity
obey an anomalous diffusion as a function of age, where
pure heating processes were not verified in most of the age
groups analysed here.
For a more detailed follow-up analysis should be noted
that several mechanisms have been proposed to explain
the behaviour of U , V and W velocity distributions and,
consequently, the kinematic heating of the Galactic disc
[8]. Such mechanisms are associated to non-axisymmetric
structures of the Milky Way, e.g., past merger events [40],
dynamical effects of the bar and spiral arms [41], radial
migration [42] and scattering by giant molecular clouds
(GMCs) or star clusters [43]. These mechanisms are usu-
ally combined and difficult to isolate in practice. However,
dynamical simulations suggest that the peanut-shaped bar
had, at a subsequent epoch, an episode of buckling, which
might affect the W component and, therefore, the non-
random nature of its distribution [8, 44].
Concluding remarks. – Our work aimed to inves-
tigate how randomness can govern the space velocities
triplet (U, V,W ), especially the W component. To this
end, we used a sample of 6704 stars composed of F- and
G- type field stars in the solar neighbourhood, extracted
from the GCS. The samples were segregated by age inter-
val (step size of 1 Gyr) and the medians of entropic index
q, as well as the 95% confidence intervals of these medi-
ans, were calculated using the non-parametric bootstrap
resampling method.
First, it is notable that there is a smooth growth for the
U and W components of F-type stars around the solar age.
However, the V component related to the tangential com-
ponent in the direction of Galactic rotation shows an os-
cillating behaviour in all age ranges. For G-type stars, the
increase in dispersion in the velocity components (U, V,W )
occurs smoothly at all ages.
We also measured deviations of randomness, denoted by
parameter q − 1, during almost the entire life of the stars
in the Milky Way (∼10 Gyr). As a result, we observed
that there are heating mechanisms with a non-random
nature that affect space velocities (U, V,W ), disagreeing
with results in the literature that point to a totally pure,
or random, heating for the W component of velocity. It is
notable that for F-type stars, only a region close to 2.5 Gyr
seems to be dominated by randomness for the three com-
ponents. These results are very important, as they reveal
that the distribution of the W component in particular
does not “heat up” at random, as has been predicted by
previous works that attributed this evolution to a mecha-
nism totally governed by randomness. Unfortunately, our
results were not able to reveal which mechanisms act on
the W component. Nevertheless, we can affirm that due
to the degree of interaction that exists between the com-
ponents of space velocity, there must certainly be different
sources that act by modifying the degree of mixing of the
stars in the Galactic disc.
Finally, it is worth mentioning that the entropic index q
can also be used to investigate the possible sources for the
disc heating rate and, therefore, a deeper analysis may
have origins in the metallicity and galactic location. In
addition, it would be interesting to investigate this issue
using more robust data from big surveys such as the GAIA
and RAVE programmes [45]. This issue will be addressed
in a forthcoming communication.
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